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The concept of compatibility of steady nonectuilibrium systems, anal- 
ogous to the equilibrium property in thermostatics, is examined. 
Compatibility parameters, which play the part of generalized inten- 
sive parameters for nonequilibrium steady systems, are introduced. 

In t h e r m o s t a t i c s ,  a c en t r a l  r o l e  is  p l ayed  by the 
concept  of the e q u i l i b r i u m  of s y s t e m s  or  the  ind iv idua l  
p a r t s  of a c e r t a i n  s y s t e m .  

F o r  any fo rm of equ i l i b r ium,  the c o r r e s p o n d i n g  in -  
t en s ive  quant i t i es  c h a r a c t e r i z i n g  the s y s t e m s  ( t e m -  
p e r a t u r e s ,  p r e s s u r e s ,  c h e m i c a l  po ten t i a l s ,  e tc .  ) m u s t  
be equal .  

A n e c e s s a r y  condi t ion  of any f o r m  of e q u i l i b r i u m  
is  t h e r m a l  equ i l i b r i um d e t e r m i n e d  by equa l i ty  of t e m -  
p e r a t u r e s .  A b a s i c  p r o p e r t y  of equ i l i b r i um is i t s  t r a n -  
s i t iv i ty .  

In the t heo ry  of s t e ady  nonequ i l ib r ium s y s t e m s ,  we 
encoun te r  the  concept  of compa t ib i l i t y ,  which s e r v e s  
as a n a t u r a l  ex tens ion  of the concept  of e q u i l i b r i u m  to 
the nonequ i l ib r ium r e g i o n  [1]. The concept  of c o m p a t -  
ib i l i ty  e x p r e s s e s  the fol lowing p r o p e r t y  of s t e ady  s y s -  
t ems :  is  t h e r e  e x i s t s  a m e a n s  of b r ing ing  s t eady  s y s -  
t ems  into contac t  a n d t h e r e b y  c r e a t i n g  the p o s s i b i l i t y  of 
an exchange  of c e r t a i n  ex t ens ive  quant i t i es  without  d i s -  
t u rb ing  the m a c r o s c o p i c  s t a te ,  then such s y s t e m s  a r e  
ca l l ed  compa t ib le .  Like  e q u i l i b r i u m ,  the compa t ib i l i t y  
p r o p e r t y  p o s s e s s e s  t r a n s i t i v i t y :  if  t h e r e  ex i s t s  a m e a n s  
of c r e a t i n g  i n t e r a c t i o n  be tween  s y s t e m s  A and B without  
d i s tu rb ing  the i r  m a c r o s c o p i c  s t a te ,  and if such a p r o p -  
e r t y  is a l so  p o s s e s s e d  by s y s t e m s  B and C, then s y s -  
t ems  A and C a r e  a l so  compa t ib l e .  With r e f e r e n c e  to 
the fo l lowing example ,  we show that  the  compa t ib i l i t y  
p r o p e r t y  of s t e a d y  s y s t e m s  n e c e s s a r i l y  r e q u i r e s  equa l -  
i ty  of the c o r r e s p o n d i n g  t h e r m o d y n a m i c  f o r c e s  or ,  in 
o ther  w o r d s  [2], equa l i ty  of the Lag rang i an  m u l t i p l i e r s  
X i i n t roduced  t~ take  into account  the add i t iona l  con-  
di t ions  that  the s y s t e m s  m u s t  s a t i s fy .  F r o m  the e x i s -  
tence of in t ens ive  compa t ib i l i t y  p a r a m e t e r s ,  t h e r e  d i -  
r e c t l y  fo l lows the t r a n s i t i v i t y  p r o p e r t y  of t he se  p a r a m -  
e t e r s ,  which a r e  p h y s i c a l l y  m e a s u r a b l e ,  m a c r o s c o p i c  
c h a r a c t e r i s t i c s  of the s t eady  s y s t e m s .  Since,  in the  
s t eady  s y s t e m s  inves t iga t ed ,  s t a n d a r d  p a r a m e t e r s  a r e  
employed ,  one can judge  the equal i ty  of the c o r r e s p o n d -  
ing compa t ib i l i t y  p a r a m e t e r s  on the b a s i s  of the p r i n -  
c ip le  of m a c r o s c o p i c  i n v a r i a n c e  (with r e s p e c t  to c o m -  
pa t ib i l i ty ) .  

T r a n s i t i o n  p r o b a b i l i t i e s  of a s t e a d y  s y s t e m .  In [2, 3], 
the author  and Karpov  p r o p o s e d  a pos tu l a t e  for  the 
s t a t i s t i c a l  d e s c r i p t i o n  of a s t e ady  nonequ i l ib r ium s y s -  
t em a c c o r d i n g  to which the b e h a v i o r  of the s t eady  s y s -  
t em e s s e n t i a l l y  depends  not only on the d i s t r i b u t i o n  

function {Pi} but a l so  on the p r o b a b i l i t i e s  {Pij} of 
t r a n s i t i o n  f rom s ta te  to s ta te  in uni t  t ime .  An a l g o -  
r i t h m  for  d e t e r m i n i n g  the t r a n s i t i o n  p r o b a b i l i t i e s  on 
the bas i s  of known in fo rma t ion  about the s y s t e m  was 
a l so  p roposed .  Acco rd ing  to th is  a l g o r i t h m ,  the t r a n -  
s i t ion  p r o b a b i l i t y  m a t r i x  s a t i s fy ing  this  i n fo rma t ion  is  
found f r o m  an equat ion of the type 

dH q- Z XadFe~ = 0,  ( 1 )  
(s 

w h e r e  the  en t ropy  of evolut ion 

H = - -  Z ~ PiPlll~ 
i i 

i s  r e l a t e d  to the  p r o b a b i l i t y  of the  Markov  chain  t r a -  
j e c t o r y  in the d i s c r e t e  space  of s t a t e s  {i} by the r e l a -  
t ion 

P -- exp (--sH),  (2) 

w h e r e  s is  the length of the t r a j e c t o r y  (number  of 
t r a n s i t i o n s  f rom s ta t e  to s t a te ) ,  and the number  of 
t r a j e c t o r i e s  with p r o b a b i l i t y  P i s  equal  to exp (sH). In 
Eq. (1), F1 a r e  the g e n e r a l i z e d  t h e r m o d y n a m i c  f luxes ,  
and X i a r e  the g e n e r a l i z e d  t h e r m o d y n a m i c  f o r c e s  (La -  
g rang ian  m u l t i p l i e r s ) .  

When the i n fo rma t ion  known about the s y s t e m  is  ex -  
haus ted  by a knowledge  of the two g e n e r a l i z e d  f luxes:  

a v e r a g e  ene rgy  f lux F~=E (XI=~) (3) 

and a v e r a g e  hea t  f lux F2=Q (X2=~), (4) 

in the q u a s i - e q u i l i b r i u m  a p p r o x i m a t i o n  for  a s t e ady  
s y s t e m  i n t e r a c t i n g  with two e x t e r n a l  f a c t o r s  ( sou rce  
and s ink)  that  m a i n t a i n  the s y s t e m  in the nonequi l ib -  
r i u m  s t a t e ,  the p r o b a b i l i t i e s  of s t a t e s  Pi wi th  ene rgy  
e i and the p r o b a b i l i t i e s  of t r a n s i t i o n  be tween  s t a t e s  
Pij take  the fo l lowing fo rm:  

Pi = C exp (--)~el) , (5) 

P~i = c exp (--)~ei), (6) 

[ 1 c ~ (~ - -  ~i) , ali= ~-  [exp(--s 1+ ~ (7) 

c [ ~ (8~--ej)] b~/= -~- [exp (-- s 1- -  2 ' (8) 

w h e r e  ai j  and bij  a r e  the p a r t i a l  t r a n s i t i o n  p r o b a b i l i -  
t i e s  of the  s y s t e m  with r e s p e c t  to each  of the e x t e r n a l  
f a c t o r s  t aken  s e p a r a t e l y ,  and c is  the n o r m a l i z a t i ( m  
constant .  In the q u a s i - e q u i l i b r i u m  app rox ima t ion ,  the 
en t ropy  of evolut ion H d i f f e r s  f rom the o r d i n a r y  en -  
t r o p y  S by a s m a l l  quant i ty  of the  second  o r d e r ,  i . e . ,  
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H = S - I - g Q .  (9) 

Having obtained these  n e c e s s a r y  r e l a t ions ,  we can 
make a c lose r  examinat ion  of the m e c h a n i s m  of energy 
t r a n s p o r t  in the s teady sys tem.  Let  the s y s t e m  be in 
contact  with two reg ions  of cons tant  t e m p e r a t u r e  Ti 
and T 2. If Tl = T2, 

1 
aq = b~i = - ~  PiJ. 

If the t e m p e r a t u r e s  a re  different ,  some probabi l i t i e s  
decrease ,  while others  i nc rea se ,  and the sys t em wil l  
i n t e rac t  with each reg ion  different ly .  To be specif ic ,  
let/~ > 0. (The re la t ion  between/~ and the t e m p e r a t u r e s  
TI and T 2 is d i s cus sed  below. ) Then, f rom (7) and (8), 
the p robab i l i t i e s  aij i n c r e a s e  for ej < e i and dec rea se  
for ej > e i, i . e . ,  on the average ,  upon in te rac t ion  
with the f i r s t  region,  t r a n s i t i o n s  to lower  levels  a re  
m o r e  f requent ,  or  on the average ,  the f i r s t  r eg ion  
r ece ive s  m o r e  energy  than it  gives up. S imi l a r ly ,  the 
p robab i l i t i e s  bij i n c r e a s e  for ej > e i and dec rease  for 
ej < e i, so that,  on the average ,  the second reg ion  
gives up energy.  The probabi l i t i e s  aij and bij a re  some -  
how balanced,  and, in fact, f rom (5), (7), and (8), it  
is c lear  that 

Piaii = Pibii' (1 O) 

which shows that the probabi l i ty  of a t r a n s i t i o n  of the 
sys t em in some d i rec t ion  under  the inf luence of one 
factor  is equal to the probabi l i ty  of a t r ans i t i on  in  the 
opposite d i rec t ion  unde r  the inf luence  of the other.  

The detai led ba lance  for the total  condit ional  p rob-  
ab i l i t ies  

PlP~i = PiP]~ ( i i )  

a lso holds, but this is a d i rec t  consequence  of the 
q u a s i - e q u i l i b r i u m  na tu re  of the approximat ion  (5), (6). 
However,  even a s m a l l  deviat ion f rom equ i l ib r ium d i s -  
tu rbs  the t r a n s i t i o n  ba lance  for i n t e rac t ion  with e i ther  
of the ex te rna l  fac tors  individual ly ,  i. e . ,  

p~a~i :/= piai5 pib~i vA p~bii, (12) 

which, in the las t  ana lys i s ,  is also the cause  of heat  
t r anspor t .  

The detai led ba lance  pr inc ip le  [4] a s s e r t s  that to 
each forward p roces s  there  co r re sponds  a r e v e r s e  
p rocess  that follows the same  path, and, in a s ta te  of 
t he rmodynamic  equi l ib r ium,  the ra tes  of the forward  
and r e v e r s e  p roces se s  a re  equal. Hence, i t  follows 
that the s teady s ta te  coincides  with the s ta te  of t he r -  
modynamic  equ i l ib r ium only if the forward  and r e -  
v e r s e  p r o c e s s e s  follow the s ame  path. Inequal i t ies  
(i2) explici t ly a s s e r t  that the forward  and r e v e r s e  p r o -  

ces ses  follow dif ferent  paths.  Moreover ,  the deta i led 
s teady s ta te  exp re s sed  by the ba lance  equations (10) 
es tab l i shes  the method of ma in ta in ing  the energy  steady 
s ta te  of the sys t em tha t  is s i m p l e s t  for the s i m u l t a -  
neous sa t i s fac t ion  of the energy ba lance  be tween the 
source  and the sink. 

We now tu rn  to an examina t ion  of the concept of 
compat ibi l i ty .  

If a vec tor  flux is  p r e sen t  in the sy s t ems ,  it  is n e c -  
e s s a r y  to cons ider  two types of i n t e r ac t ions ,  p a r a l -  
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le l  and se r i e s .  In the f i r s t  ease,  there  i s ,  onthe  ave r -  
age, no exchange between the sy s t ems ,  and the p a r a m -  
e te r s  of the flux type a re  additive. Then, despi te  the 
p r e sence  of in te rac t ion ,  by v i r tue  of compat ibi l i ty ,  
the sys t ems  behave like independent  sy s t ems ,  and the 
number  of t r a j e c t o r i e s  of the combined s y s t e m  may 
be a s sumed  equal to the product  of the n u m b e r s  of 
t r a j e c t o r i e s  of the individual  sy s t ems ,  

exp (sH) = exp (sill) exp (sH~), 

which impl ies  the addit ivi ty of the en t rop ies  of evolu-  

t ion 

H = H1 + H~. (12') 

Confining our at tent ion,  for s impl ic i ty ,  to the quas i -  
equ i l ib r ium approximat ion  (9) for sy s t e ms  with a heat 
flux, we wri te  the addit ivi ty condit ions for the flux and 

ord inary  entropy:  

Q = Qi + Qu, 
S = S1 + S~. (13) 

Since in the approximat ion  adopted, in accordance  with 

(9), 

H = - - ~ Q  + S; Hi = - -~ lQi  + S i ;  Ha = - - ~ Q ~  -I- 8~,(14) 

f rom (12'), (13), and (14) there  immedia t e ly  follows 
the neces s i t y  that the compat ib i l i ty  p a r a m e t e r s  be 

equah 
~ l  = ~ 2  = I ~ .  

(i5) 

The fact that the in t e rac t ion  is sequent ia l  p r e s u p -  
poses that the flux f rom one sys t em pas se s  through the 
other.  This s i tuat ion a r i s e s  if we imagine  a ce r t a in  
l i nea r  s teady sys t em divided into two subsys t ems  at 
r ight  angles to the flux. As an example,  we cons ider  
a q u a s i - e q u i l i b r i u m  s y s t e m  linked with two reg ions  at 
s l ight ly  different  t e m p e r a t u r e s  Tl and T 2. 

Since, according to Klein [5], 

P~I exp (-- ei/kT ) = Pi ~ exp (--  eJkT),  (16 ) 

in the case of a sys t em in te rac t ing  with two regions  at 
the constant  t e m p e r a t u r e s  Ti and Tz, for the c o r r e -  
sponding t r ans i t i on  probabi l i t i e s  a and b, we can wri te  

a~] exp ( - -  eJkT1) = a]~ exp (-- el/kTi), (17) 

biiex p (--  ei/kT~) = bii exp (--  ei/kT~ ). (18) 

Moreover ,  f rom (10) 

piaz~ = pjb.~,, (19) 

p,bl.~ =Piaa ,  (20) 

whence, 

az'] b J ' i  ~ 

b u aj~ (21) 

Dividing both s ides  of (17) by (18), t e r m  by t e rm ,  we 

obtain 

a~i exp I - -  s~ 1 

I /(1 1)] 
= aJA exp - -  ej 



which, after us ing  (21), gives 

ai = exp [(el --ej)  T~--  7"1 ] 
~,j 21eT1T" j"  (23) 

However, it follows f rom (7) and (8) that,  in the quas i -  
equ i l ib r ium case in quest ion,  the condit ions 

l +  ~t 
a,j T (~' - ~j) 
biJ I-- ~--- (% -- e~) ~exp [~ (e i --e~)] (24) 

2 

are satisfied correct to terms proportional to #2. 

By equating (23) with (24), we immediately obtain 

an expression for the quasi-equilibrium compatibility 

parameter: 

T~ --TI 
2 k T I T 2  (25) 

or, adopting the local approach, 

AT 
- -  kT ~ , (26) 

where,  by v i r tue  of the q u a s i - e q u i l i b r i u m  condition, 
we have in t roduced the average  t e m p e r a t u r e  T = (T1 + 
+ Tz)/2 and AT = T  2 -  T = T -  T v The p h y s i c a l s i g -  
n i f icanee  of this  p a r a m e t e r  is that the local  compat i -  
bi l i ty  of s teady q u a s i - e q u i l i b r i u m  s y s t e m s  .with a heat 
flux r equ i r e s  not only equali ty of the local  t e m p e r a -  
tu res  ( r equ i r emen t  of c l a s s i ca l  t he rmodynamics )  but 
a lso  equali ty of the t e m p e r a t u r e  grad ien ts  at the in -  
t e rac t ion  points .  

Let us divide the sys t em into two equal pa r t s  at 
r igh t  angles  to the flux. Hence, the energy levels  in  
the par ts  will  be the same.  Each subsys t em is l inked, 
on the one hand, with a reg ion  of cons tant  t e m p e r a -  
tu re  and, on the other,  with a compat ible  s teady s y s -  
tem,  which can in each case  be replaced  with a c e r t a i n  
reg ion  of cons tant  t e m p e r a t u r e  T, while in both cases ,  
by v i r tue  of the t r ans i t i v i t y  of the compat ib i l i ty  prop-  
er ty,  this region  mus t  pos ses s  the s ame  t e m p e r a t u r e  
T. 

In fact, each subsys t em plays  the par t  of an ex-  
t e rna l  factor  for the other,  r ep lac ing  the a b o v e - m e n -  
t ioned mutua l ly  compat ible  region  at constant  t e m -  
p e r a t u r e  T. According to (8) and (26), the probabi l i ty  
of t r ans i t ion ,  under  the inf luence of the region at T, 
for the subsys t em also l inked with a reg ion  at Tl (T1 < 
< T), is equal to 

exp(--sJkT) [ T ~ T ~  ] 
b[])=c 1 (e i - e l )  . (27) 2 2kT = 

On the other  hand, according  to (7) and (26), the p rob-  
abi l i ty  of t rans i t ion ,  under  the inf luence Of the same  
region  (T), for the subsys tem also l inked with the r e -  
gion at T 2 (Ta > T), is 

exp(--s/kT) [ T--T2 ] 
a } ~ ) = c -  1 + - -  (e,--e~) . (28) 

2 2kT 2 

Since the transition probabilities defined by (27) and 
(28) represent the interaction of identical systems with 
the same region of constant temperature, they must 

be equal: 

= o 1,. 

Hence, there  immedia te ly  follows that 

--  T -b TI = T - -  T~ 

o r  

and 

(29) 

T - -  T I + T ~  (30) 
2 

AT 
~q = ~-~ = ~t~, (31) 

i. e . ,  the compat ib i l i ty  p a r a m e t e r s  for s e r i a l l y  com-  
pat ible  sys t ems  a re  also equal. 

In conclusion,  it should be noted that, in accord -  
ance with the above reason ing ,  when hea t -conduc t ing  
sy s t e ms  with d i f fe rent  values  of the compat ib i l i ty  
p a r a m e t e r  # = grad T / k T  2 in te rac t ,  even if the local  
t e m p e r a t u r e s  T a re  equal,  there  should be a m a c r o -  
scopica l ly  observab le  change in the s tate  of the s y s -  
t ems ,  i. e . ,  changes assoc ia ted  with the flow of energy  

due to the di f ference in t e m p e r a t u r e  grad ien ts  should 
take place in the local  t e m p e r a t u r e  d i s t r ibu t ion  of the 
sy s t ems .  This effect can not be desc r ibed  by the c l a s -  
s ica l  heat  conduction equation based  on F o u r i e r ' s  law, 
s ince ,  in the given case ,  the t e m p e r a t u r e  d i f ference  
is by defini t ion equal to zero.  On the other hand, f rom 
kinet ic  cons idera t ions ,  it is c l ea r  that if energy ex-  
change is poss ib le  between two sy s t e ms  having non-  
ident ical  d i s t r ibu t ion  funct ions differ ing s l ight ly  f rom 
the Maxwell ian and the common p a r a m e t e r  T, the re  
should be a flow of energy  affecting the value of the 
p r inc ipa l  d i s t r ibu t ion  p a r a m e t e r  in both sys tems .  In 
the case of non l inea r  heat  conduction,  this n o n c l a s -  
s ica l  effect of a g rad ien t -d i f f e rence  flow evident ly  
occurs  and is effect ively desc r ibed  by the t e m p e r a -  
tu re  dependent  t he r ma l  conductivi ty,  but is  difficult  
to d i s c r i m i n a t e  f rom the background of the heat fIux 
assoc ia ted  with the d i f ference  of t e m p e r a t u r e s .  

NOTATION 

H is the entropy of evolution;  X i is the t he rmody-  
namic  force;  F i is the t he rmodynamic  flux; s is the 
length of the t r a j ec to ry  (number  of steps);  Pi is the 
probabi l i ty  of state i; Pij is the condit ional  t r ans i t i on  
probabi l i ty ;  e i is  the energy of s ta te  i; aij ,  bij a re  the 
par t i a l  t r a n s i t i o n  p robab i l i t i e s ;  S i s t h e e n t r o p y ;  g i s t h e  
the compat ib i l i ty  p a r a m e t e r ;  c is  the n o r m a l i z a t i o n  
constant .  
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